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Abstract. We investigate characterizations of the Galois connection sInv-Aut between sets of finitary re- 
lations on a base set A and their automorphisms. In particular, for A = uJi, we construct a countable set R 
of relations that is closed under all invariant operations on relations and under arbitrary intersections, but 
is not closed under sInvAut. 

Our structure (A, R) has an a;-categorical first order theory. A higher order definable well-order makes it 
rigid, but any reduct to a finite language is homogeneous. 



1. Introduction 

Our main question is easy to formulate. Let i? be a set of finitary relations on a nonempty base 
set A, and let Aut R denote the set of all automorphisms of the structure {A ; {g)g^fi). Conversely, 
if G is a set of permutations on A, then sinv G denotes the the set of all relations a on A such that 
all permutations in G are automorphisms of a. (Formal Definitions follow in the next section.) 
The question is: How can we characterize the relation sets of the form sInvAuti? ? 

Of course, the operator sInvAut is a closure operator, and the operator pair sInv-Aut forms a 
Galois connection between sets of relations on A and sets of permutations on A. We can reformulate 
our problem as "Which sets R of relations are Galois-closed, i.e., satisfy R ~ sInvAuti??" or: 
"Describe the closure operator sInv Aut internall'if \ i.e., without explicit reference to permutations. 

Probably the first one who investigated this question in a systematic way was Marc Krasner. 
Influenced by the Galois connection between permutation groups and field extensions he tried to 
'generalize the notion of a field' |3- Instead of the action of permutations on field elements, he 
considered the more complex action on relations. For finite base sets A he described the closed 
sets of relations with the help of some operations on relations. A logical operation on relations is 
an operation, definable by a formula of the first order logic. (For details see the next section.) We 
call a set of relations a Krasner algebra if it is closed under all logical operations. For finite A, the 
Galois closed sets of relations are exactly the Krasner algebras. (At this point we remark that our 
notation differs from Krasner's original notation.) 

It is easy to extend this characterization to countable base sets A: In this case the Galois 
closed relation sets are exactly those Krasner algebras that are additionally closed under arbitrary 
intersections (p|-closed Krasner algebras). 

But this is no longer true for the general case of uncountable sets A. For this case there exists a 
characterization by R. Poschel ^1 E] with the help of additional operations of uncountable arity. 
But the use of such operations is not very satisfying. Therefore we continue to look for better 
results. 

One reason for the existence of P|-closed Krasner algebras that are not Galois closed is the 
fact that first order logic is simply "too weak" to distinguish between sets of different infinite 
cardinalities. Gonsequently, it is a natural idea to replace the logical operations by a stronger 
class of operations. An n-ary operation F on relations is called invariant, if the following identity 
holds for all permutations g and all relations pi, g„ (with appropriate arities) on A: 

F{g[Qi], ■ ■ ■,g[gn]) = g [F{gi, gn)] 
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Clearly, every Galois closed set of relations is P|-closed and closed under all invariant operations. 
But it was unknown whether the converse is also true. The problem is: Does there exist a set 
of relations that is [^-closed and closed under all invariant operations, but not Galois closed for 
sInv-Aut? (0 Problem 2.5.2].) 

Surprisingly, the answer to this question is yesl In the main part of our article, section 3, we 
give a model theoretical construction of such a set of relations on a base set A of cardinality oji. 

Finally, in section 4, we give a characterization of the Galois closed relation sets with the help 
of additional invariant infinitary operations. In contrast to Poschels characterization, we restrict 
these infinite arities to be countable. Section 3 shows that we cannot restrict the arities to be 
finite, so this seems to be the best possible result. 

2. Preliminaries. 

Notation. Throughout, let A denote a nonempty base set. Write uj for the set of all natural 
numbers (and at the same time the first infinite ordinal). An m-ary relation on A is a subset of 
A™, the set of all m-ary relations is denoted by Rel('")(A), and Re\{A) := Ui^mec^ Rel('"'(^) is 

the set of all finitary relations. If i? C Rel(A), then := i?nRel^")(yl) . We do not distinguish 
between relations and predicates, therefore a G p and g{a) have the same meaning. The set of all 
permutations on A is denoted by Sym(^). For g G Sym(A) and a = (oi, . . . , Om) G A™ we put 

9{a) := (5(01), ■ • ■,g{a,n)), 

and for g C A'" we write 

9[q] {g{a) \ae g}. 

Let g G Sym(^) and g G Rel(A). We say that g is an automorphism of g, or that g strongly 
preserves g, or that p is a strongly invariant relation for g, if 

giol = Q- 

This is equivalent to g[g] C g and G g. 

For R C Re\{A) and G C Sym(A) we define operators Aut : ^Rel(A) ^ ^Sym(A) and 
sinv : ^Sym(A) ^ ^Rel(A): 

Auti? {g e Sym{A) \ g[g] ^ g foi all g e R} 

sInvG {g e Rel{A) \ g[g] ^ g for all g € G} 

(For a set X, S^X denotes the set of all subsets of X.) 

The operator pair sInv-Aut forms a Galois connection between sets of permutations and sets of 
relations on A, i.e. the following conditions are satisfied: 

• i?i C i?2 =^ Auti?2 Q Auti?i and Gi C G2 slnvG2 G sInvGi 

• i? G sInvAuti? and G G AutslnvG. 

Consequently, the operators 

sInvAut : ^Rel(A) ^Rel{A) and Autslnv : ^Sym(yl) ^Sym(yl) 

are closure operators. The sets of relations and the sets of permutations which are closed under 
these closure operators are called Galois closed (with respect to the Galois connection sInv-Aut). 
Characterizing a Galois connection means to describe the Galois closed sets without referring to 
the connection itself. 

In our article we want to find and discuss characterizations of our Galois connection sInv-Aut. 
There exist many similar Galois connections between sets of relations and sets of different kinds of 
functions, and they turned out to be useful especially for the investigation of finite mathematical 
structures. As a general source, we refer to and the list of references given there. Here we are 
interested in characterizations for infinite base sets A. 

The main tool for the description of the closed sets of relations are operations on relations. 
These operations are of the form 

F : Rel^"''\A) x . . . x Rel^™"^^) ^ Rel^"'^(A), 
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with ^ n e uj. A set i? C Rel(A) is closed under F if F{gi, ...,£»„) G i? for all ^ e i?'™*^ 
1 ^ i ^ n. 

Special operations on relations are the logical operations which can be defined with the help 
of first order formulas. More exactly: Let ip{Pi, . . . , Pn] xi, . . . , Xm) be a formula with predicate 
symbols Pi (of arity m^), where all free variables are in {xj | 1 ^ J ^ rn}. We define 

LipiQi, . . . , Qn) := {(ai, • • ■ , am) £ ^™ | '(SAlfi'i, • • ■ , fi^n, ai, ■ • • , a™)}, 

where (Pa{qi, • ■ ■ , Pn, oi, • • ■ , Om) means that 1^9 holds in the structure {A; gi, . . . , (?„) for the eval- 
uation Xj := Cj, (1 ^ J ^ rn). 

Examples of logical operations are the Boolean operations intersection H and complementation 
C, defined by the formulas . . . , Xm) A P2{xi, . . . , Xm) and ^P(xi, . . . , Xm). 

Properties of Galois closed relation sets. 

Definition 2.1. A set R C Rel(^) is called a Krasner algebra (KA) on A, if R is closed under all 
logical operations.^ 

If Q C Rel(^), then {Q)ka denotes the Krasner algebra generated by Q, i.e. the least set of 
relations on A that contains Q and is closed under all logical operations. 
A set R of relations is called f^-closed, if 

(1) A™ G i? for all m G w \ {0} 

(2) R is closed under arbitrary intersections 

i.e. for all m and all Q C we have f] Q £ R^""^- (Here we put f] = ^""O 

If Q C Rel(A), then {Q)KA,f] denotes the least p|~closed Krasner algebra containing Q. [] 

Clearly, {_)ka and {_)KA.f\ are closure operators with {Q)ka ^ {Q)KA.f\ for all Q C Rel(A). 

If a set i? of relations is p|-closed and closed under complementation C (e.g. if i? = {R)KA.f])i 
then it is also closed under arbitrary unions. 

The next Lemma gives the obvious connection between these notions and the Galois closed 
relation sets. For a proof we refer e.g. to 

Lemma 2.2. // i? C Rel(74) is Galois closed (R = sInvAuti?j, then R is a f]-closed Krasner 
algebra, R = {R)ka,[]- Consequently, for all Q C Rel(yl) we have {Q)ka.[] C sInvAutQ. [] 

(Galois closed sets of relations are sometimes called Krasner clones. So every Krasner clone is 
a Krasner algebra, but not vice versa.) 

Definition 2.3. Let R C Rel(yl) and aeA"". We define: 

rfl(a) := fl{^? ^ □ 

We collect some properties of F. 

Lemma 2.4. Let Ri,R2,R C Rc\{A), G C Sym(A) and a G A™. Then the following hold. 

(1) i?iCi?2^F,j,(a)CFfl,(a) 

(2) a G F/j(a) and Ffl(a) C g for all g G i?'^™-' wit/i a G ^?. Moreover, g — UaGe^^(— ) '^^^ 
g€R. 

(3) //i? is f]-closed, then Tn^a) G i?. 

(4) // R is closed under complementation, then {Fij(a) | a G A"^} is a partition of and 
the relation a ^b. h : <J=> a G Fi?(6) is an equivalence relation. In this case, IS an 
atomic Boolean algebra. 

Note that a ~ij b iff there is no relation g G R separating a from b. 

(5) If Ri and R2 are [^-closed and closed under complementation, then Ri = R2 if and only 
if Tr^ (a) = Tr^ (a) for all m and all a G A™ . 



An older notation is Krasner algebra of second kind, see e.g. 1111 . 
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(6) rsipvG(a) = {5(a) 1 9 e {G)group}, where {G)group is the subgroup o/Sym(A), generated 
byG. 

Proof. (l)-(5) are direct consequences of the Definitions. For (6), we first note that {g{a) \ g G 
(G) group} contains a and is strongly invariant for aU g G G. Therefore rsipvG(a) C {g{a) 
g e {G)group}- On the other hand, slnvG is n~closed, therefore a G rsinvG(a) G sInvG, and 
every relation with these properties must contain all g(a) with g G (G) group- Consequently also 

Tslnvcfe) 2 {g{a) I g G {G)group}- □ 

Lemma 2.5. Let R C Rel(^) he {^-closed and closed under complementation. Then R = 
sinv Auti? if and only if for all m and all a,b G A™ with a b there exists an automorphism 
g G Auti? with b — g{a). 

Proof. We have R = sInvAuti? iff TR{a) — r5invAutfl(a) for all a. Because of I2.4r 6'). this is 
equivalent to ^i^(a) — {g{a) \ g G Auti?}. □ 



Partial automorphisms. The last Lemma can be used to find characterizations in some special 
cases. 

Definition 2.6. A partial automorphism / of a relation set Q C Rel(yl) (or of the structure 
A = (j4; {<y)aeQ)) with domain dom/ = Ai Q A and image mi f — A2 ^ A is a. bijective function 
f : Ai A2, such that for all cr G Q, m = arity(cr) and all ai,...,am G dom/, we have: 
cr(ai, . . . , a„) <^ cr(/(ai), . . . , /(a„0). 

A set Q C Rel(A) (or the structure A = [A] (a)a-eQ)) is said to be homogeneous, if every finite 
partial automorphism can be extended to an automorphism of Q. n 



Lemma 2.7. If Q C Rel(A) is a homogeneous set of relations, then {Q)KA,f] — sInvAutQ. 

Proof. First note that sInvAutQ is homogeneous and {Q)KA.f] ^ sInvAutQ, so also {Q)KA,f] is 
homogeneous. So wlog Q = {Q)KA,f]- 

Let a — (fli, . . . , Om) and b— (61, ... , bm)- We will use 12.51 So, assuming a b, we have to 
find an automorphism g with g(a) — b. Note that a ~q b in particular implies that Oi = Oj iff 
bi — bj, for any i,j. So the map / :— {{oi, bi) | i = 1, . . . , m} is a finite 1-1 map. As no relation 
in Q separates a from b, f is even a partial automorphism for Q. 

Because of the homogeneity of Q, f can be extended to an automorphism g G AutQ. Therefore 
b — g{a) for some g G AutQ. □ 

Relation sets of the form sInv AutQ are homogeneous. Hence, a n~closed Krasner algebra is 
Galois closed if and only if it is homogeneous. 



The Galois closed permutation sets. We want to have a short look at the other side of 
our Galois connection. The characterization of the Galois closed permutation sets is well known 
([5]) and provides no difficulties. We need an additional closure operator LoCo : ^ Sym(A) 
^Sym(yl): 

LoCoG := {/ G Sym(^) | (Vm G lu \ {0})(Va G A")(3g G G)/(a) g(a)} 

Theorem 2.8. A set G C Sym(A) is Galois closed (G — AutslnvGj if and only if G = (G) group 
and LoCo G — G. [] 



For the proof we refer to 5^ . The operator LoCo is a topological closure operator, multiplication 
and inversion of permutations are continuous with respect to the underlying topology. Therefore, 
the Galois closed automorphism sets are characterized as certain topological groups. For a more 
detailed discussion we refer to (4) 4.1]. 
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A first characterization of the Galois closed relation sets. In 12 and J^, R. Poschel 
characterized the closed sets of relations with the help of infinitary operations. Let / be an 
arbitrary index set, let m, mi € oj \ {0} {i S /). For an /-tuple {Qi)i^i of relations with Qi € 
Rel^'"'-*(A) the strong superposition with parameters a £ A™, G A^' is defined as follows: 

sSup<j := {g{a) \ g e Sym(A) and 5(6,) G for aU i e 1} 

A set R C Rel(^) is closed under strong superposition, if sSup^ (ft)ie/ £ R whenever gi £ R 
for i G I. 

Theorem 2.9. Let R C Rel(^) be f]-closed and closed under C. Then R = sInvAuti? if and 

only if R is closed under strong superposition. 

Proof. If / G Sym(A), then the definition of sSup^, (b )iei ™plies 

sSup^_(f,^)^^^(/[ft])ie/ = / sSup^^(b^)^^^(ft),e/ 

Therefore every automorphism of {gi | i G /} is an automorphism of sSup^j (f,.).^^ (ft)ie/- Conse- 
quently, every Galois closed set of relations is closed under strong superposition. 

If R is closed under strong superposition, then we can choose / and {bi)i^i such that all finite 
sequences with elements of A occur among the b^. (This is possible with |/| ~ \A\.) Then R 
contains the relation sSup^ .^j. ( ri^(6j) and consequently r/j(a) C sSup£( (f, -).^^ ( rfl(6j) 
This implies for every b G rjj(a) the existence of a permutation g G Sym(j4) with b = g{a) and 
with g{c) G Tfj{c) for all n and all c G A'\ This g is an automorphism of R, therefore 12 . 51 implies 
that R is Galois closed. □ 

As seen in the proof, we can restrict the arities of the strong superpositions to |/| = 
Nevertheless, to be closed under strong superposition is a very strong condition. It immediately 
implies the existence of the necessary automorphisms in the sense of 12.51 Therefore, we continue 
to find better characterizations. 

A Characterization for countable base set A. For finite base set A, the Galois closed relation 
sets are exactly the Krasner algebras (|2, ,Si i2l E] ) • This result can be extended to the countable 
case: 

Theorem 2.10. Let A be a countable or finite set and R C Rel(^). Then R = sInvAut i? if and 
only if R is a f]-closed Krasner algebra, R = Therefore {Q)KA.f] = sInvAutQ for all 

QCRe\{A). 

Proof. For the proof we refer to |2 3.3.6. (v)] or to [2| 2.4.4. (i)]. One direction is provided by 
Lemma [2.21 For the other direction we can use a back & forth construction to obtain the auto- 
morphisms that are necessary to apply Lemma 12.51 □ 

The next example shows that this characterization cannot be extended to uncountable sets. 

Example 2.11. Consider the following three countable structures: 

(1) (Q; <) (the rational numbers with the linear order). 

(2) The full countable bipartite graph: {A IJ B; g), where A and B are disjoint countable sets, 
and g= {Ax B)U{B X A). 

(3) The countable random graph. (See e.g. 01 6.4.4].) 

Each of these structures M — (M; g) has the following properties: 

(a) Th(M). the first order theory of M, is cj-categorical. 

(b) All unary first order formulas (p{x) are equivalent (mod Th(M)) to a; = a; or to cc 7^ x, i.e., 
the only subsets of M that are first order definable without parameters are the empty set 
and the whole model. 

(c) For any uncountable cardinal k there is a model of cardinality k such that the set 

g* := {x : The set {y : g{x,y)} is countable} 
is neither empty nor the full model. 
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In each of these models M^, the set R of first order definable relations (without parameters) 
is clearly a Krasner algebra and is trivially closed under p| (since, by Ryll-Nardzewski's theorem, 
for any k there are only finitely many fc-ary relations in R). 

But in each model the set g* is a (higher order) definable subset of M^, hence g* G 
slnvAut(i?) \ R. 

This shows that R is not Galois closed. 

Invariant operations. In the last example, the logical operations, together with arbitrary inter- 
sections, are too weak to provide the closure under sinv Aut. In particular, with logical operations 
it is not possible to distinguish between sets of different infinite cardinality. So the next idea to 
obtain a characterization is to replace the logical operations by a family of stronger operations on 
relations. 

Definition 2.12. An operation F : Re\'^"''\A) x . . . xRel("")(^) ^ Rel(™)(A) is called invariant, 
if for all g G Sym(yl) and all gi G Rel™' (A) the following identity holds: 

F{9[qi], ■ ■ ■,9[Qn]) = g [F{gi, £>„)] 

If Q C Rel(v4), then {Q)inv denotes the closure of Q under all invariant operations, and {Q)inv,f] 
denotes the least set of relations that is closed under all invariant operations, P|-closed and contains 
the set Q. [] 

(The notations "logical operations" and "invariant operations" are adopted from (Bj,.) The 
operators Q i— >• {Q)inv and Q i-^ {Q)inv,r\ are closure operators, and we have {Q)inv C {Q)inv,f] 
for aU Q C Rel(A). 

We collect some easy properties of the invariant operations. 

Lemma 2.13. (1) Every logical operation is invariant. If A is finite, then every invariant 
operation is logical. 

(2) The invariant operations form a clone, i.e. the superposition of invariant operations is 
again an invariant operation. 

(3) If F is invariant and g^ G Rel(A) (1 ^i ^n), then 

Aut{£)i, . . . , gn} C Aut{F{gi, g^)}. 

(4) R C {R)inv Q {R)inv.C\ ^ sInvAuti? for all R. So, if R — sInvAuti?, then R is f]-closed 
and closed under all invariant operations, R — {R)inv,f]- 

Proof. For (1) and (2) we refer to j6j. (3) is a direct consequence of 12.121 and (4) is a direct 
consequence of (3). □ 

The next Lemma shows that invariant operations are sufficient, if we have only finitely many 
relations. 

Lemma 2.14. Let Q C Rel(y4) be a finite set. Then sInv AutQ = {Q)inv- 

Proof. Let Q = {gi, . ■ . , g7i} and let a G sInvAuti?. We define an invariant operation F with 
F{gi,...,gn) = 0-: 

F{ai, . . . , cr„) := |J{5M I 9 e Sym(A) and (Vi = 1 . . . n)g[g^] ^ cr^} 

It is easy to verify that F has the desired properties. □ 

Let H : f^Z i^Z be a closure operator on a set Z. The algebraic part of H is the closure 
operator 

W'a : S^Z ^Z, X ^ [j{HXo {XqCX, Xq finite}. 

n is algebraic ii H ^ W'f. 

Lemma [2.141 shows that the closure operator Q i-^ {Q)inv is the algebraic part of sInv Aut. More 
exactly, for all Q C Rel(A) we have 

{Q)^nv = |J{slnv AutQo IQo^Q and Qo is finite} = (sInv Aut)°'^'(5 
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So far, we have the closure operators {_)kAi Omu, OifA.fl' (_)mii,n ^^"^ sInvAut. The 
operators {_)ka and {_)iTi« are algebraic, the other operators are not algebraic if A is infinite. 
For all Q C Rel(A) we have 

inv 

[QjkaQ C (Q)„,„ pi C sInvAutQ. 

For finite base set A all these closure operators coincide. For countable A, the operators {_)ka, 
{_)inv and (_)/(-A,n are pairwise distinct - see e.g. ^| Theorem 4], and {_)KA.f] = {_)inv.f] = 
sInvAut. If A is uncountable, then also {_)KA,f] 7^ {_)inv,f]: as a consequence of the examples 
in lTTTl 

All these properties now lead to the conjecture, that the Galois closed sets of relations are 
exactly the sets of relations that are P|-closed and closed under all invariant operations. In order 
to verify this conjecture, we have to answer one question: 

Does there exist a set R of relations that is f]~closed and closed under all invariant relations, 
but is not Galois closed? 

This question was formulated as an open problem e.g. in ^ Problem 2.5.2]. 

Surprisingly, the question has a positive answer and therefore the conjecture above is false. In 
the next section we will give a model theoretic construction of a relation set R with the mentioned 
properties. 

3. A model theoretic construction 

In this section we consider relational models of the form M_ — (Af; {gm)if^meoj): where gm G 
Rel (A) for all m. So our language C has exactly one relation symbol for every arity m. (We 
use the predicate symbols also to denote the corresponding relations.) 

If M = (Af ; {grn)i^rneui) is such a model, then M^™' :— (M; gi, . . . , gm) denotes the reduct of 
M to the relations gi, . . . , gm ■ 

Our construction is guided by the following Lemma. 

Lemma 3.1. We fix a vocabulary of infinitely many relational symbols {gm \ m € lu}. 
Let A — (A; {gm)i^meLj) be an infinite model. Let A^™' ~ {A; pi, . . . , gm)- 
We assume that the following hold: 

(1) The theory Th(A) is uj- categorical (i.e., has up to isomorphism exactly one countable 
model). 

(2) For all m, the reduct ^^'"1 is homogeneous in the sense of \2.(A 

(3) A is rigid, i.e. Aut-A = {id^i}. 

Then, letting R := {gi, g2, . ■ .) ka be the set of first order definable relations in A, we have: 

{gi, gm)KA = sinv knt{gi, . . . , gm} 
and R ^ Um(£'i' ■ ■ • - Qm)KA, but 

R ~ {R)inv.[] £ sInv Auti? 

Proof. First note that R (as well as {gi, g2, ■ ■ ■ gm) ka) is closed under arbitrary intersections, since 
(by Ryll-Nardzcwski's theorem) there are only finitely many fc-ary relations in R, for any k. 
We now show that R is also closed under all invariant operations. We have 

{gi, g2, - ■■ , gm)KA = {gi,g2, - ■ gm)KA.,f] 

Trivially, 

{gi, 32, • ■ • , gm)KA Q {gi,g2, - ■ ■ , gm)inv ^ sInv Aut{£li, £'2, ■ • ■ , Pm}, 

but by (2) and 12. 71 we have 

(ei, gi,---, gm)KA,^ = sInV Aut{ei, 32, • ■ • , gm}, 

so 

{g\, g2,---, g-mjKA — {gi, gi, - - - , gm)inv- 
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As both operators {_^ka and are algebraic, this yields 

R = {Q1i Q2, ■ ■ ■ )kA — {QIi QIt ■ ■ )inv 

hence R = (i?)i„„,ri- 

Clearly R is countable. But Auti? = {idA} and so sinv Auti? — Rel(A), which is an uncountable 
set. Consequently 

(^)i™,n i= sInvAuti?. 

□ 

It remains to prove that a model with properties (l)-(3) exists. Because of 12.101 such a model 
cannot be countable. We start by defining the logical theory T that we want our model to satisfy. 
First we define an appropriate notion of a clause. 

Definition 3.2. A literal in the variables Xq, . . . , x„ (n G tj) is a formula of the form 
Qra{xii ..,XiJ) (unnegatcd) or (a^i^ ,.. .,Xi^) (negated) 

such that 1 ^ ni ^ n -\- \, {ii, . . . , i„i} C {0, . . . , n}, the ii, . . . , are pairwise distinct and 

e {ii, . . .,im}- 

A clause in xq, . . . , a;„ is a conjunction K of literals in xo, . . . ,x„, such that no literal will 
appear twice, and no literal appears in negated and unnegated form. 

□ 

Please note that there are only finitely many clauses in xq, . . . The variable xq plays a 
special role — it has to appear in every literal. 
Now we formulate our theory T: 

Definition 3.3. T consists of (the universal closures of) the following formulas: Firstly, for all 

1 ^ m G a; we have: 

(Tl) Qm{xi, . . . , Xm) * Al^i<j<Jm 7^ ■'"J 

Secondly, for all n Cz lu and all clauses K = K{xo, . . . ,Xn) in xq, . . . , Xn we take the formula: 
(T2) Ai^i<j^„ Xi ^ Xj {3xo) K{xo, ...,Xn) 

□ 

Informal Discussion 3.4. We will see below that the theory T is complete and uj-categorical. 
Our aim is to construct an uncountable model M_ of this theory on the base set toi in which the 
well-order (wi, <) is deGnable (by a formula in higher order logic). To help us achieve this aim, 
we use the following "recommendation" : 

q{xi,X2, . . . , Xn) should hold iff Xi < X2 < ■ ■ ■ < Xn 

However, this is just a recommendation, not a law. In order to also get homogeneity of the 
restricted models M}"^\ we allow our model to disobey this recommendation, if there is a good 
reason for it. A good reason can be the desire to satisfy an axiom of our theory, or to extend a 
partial automorphism. 

To keep track of the cases where the recommendation is not followed, we construct an auxiliary 
function h : M ^ u, and we will demand the following "law", which is a relaxed version of the 
"recommendation" : 

For all sufficiently long tuples {xi, . . . , a;„); 

g{xi,X2, . . . ,Xn) must hold if xi < X2 < ■ ■ ■ < x^, and must not hold otherwise 
Here, "sufEciently long" is dehned as: n > max(/i(a;i), . . . , h{xn)). 

Thus, whenever we violate our recommendation at a tuple {xi, . . . ,Xn), we will define a suffi- 
ciently large value of h at one of the points xi, . . . ,Xn. 

Before we investigate the theory T, we want to examine some technical definitions and lemmas. 
uji denotes the first uncountable ordinal, uji — {a \ a < ui}. lui is well-ordered by <. The 
universes of all our models will be subsets of uii. 
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Definition 3.5. Let M = (M; (^TO)i^meu;) be a model, let h : M o— > a; be a partial function, 
n e uj\ {0} and let a = (ai, . . . , a„) e M". We say that a is a weak n-tuple for h if dom/i D 
{oi, . . . ,a„} ^ and 

max /i(a) := max.{h{ai) \ Oj G dom/i} < n. 
All other n-tuples arc called strong for h. 

Now let a = (iV; {am)i^meu,) and M = (M; (£»m)Kmea;) be models with iV C M C wi. Let 
/i : M o-s- w be a partial function with dom h = M\N. We write N \Zh M if 

(1) TV ^ M (TV is a submodel of M), and 

(2) for all n-tuples (ai, a2, . . . , a„) G M" that are weak for h the following condition holds: 

Qn(ai, • • • ,a„) Oi < 02 < . . . < a„ 

(Here < is the well-ordering on lui.) 
We write TV C M if TV iZ/i M for some partial function h with dom/i = M\N. [] 

Lemma 3.6. (1) T/ie relation IZ is transitive. 

(2) If Mo_ \Z Ml C • • • is a c/iain o/ length uj, and is the directed union of this chain (i.e., 

= U„6a; Mn, and each M„ is also a submodel of M^ ), then Mj c M^^ for all j < u>. 

(3) Similarly, if {Mi)i<a (where a is a limit ordinal) is a continuous chain of models (i.e., 
Mi < Mj for all i < j < a, and for each limit S < a we have Mg = Ui<5 Mi), and 

\li<a: MiH. M,+i , 

then Mj c Mg for all j < a. 

Proof. 

(1) Assuming Mi C/ti M2 and M2 C/,^ M3 for some hi : M2\Mi ^ u> and h2 : Ms\M2 ^ uJ, 
we have to show Mi C Tlfs. 

Put h := hiUh2 :~M3\^-^ If a e {M^\M^) is weak for h, then either a G (TW2"\^r) 
or one of the ai belongs to M3 \ M2. In the first case, max /12(a) = max/i(a) < n, and a 
is weak for /12. Therefore {M2 is a submodel of Ms ), 

Qni^d ^^=> 6'n(a) ai < a2 < • ■ • < a„. 

In the second case, max /13(a) < max /i(a) < n, therefore a is weak for /13 and ^^(a) ■^=> 
ai < . . . < a„. 

(2) and (3) similar. 

□ 

The next technical Lemma provides the basic step in our construction. 

Lemma 3.7. Let Mq = {Mq; (f?m)i^met^) be a countable model of our language C, such that 
Mq C (jji and gm{xi, . . . , Xm) Ai^i<j^m ^ ^3 holds for all m. Moreover, let ttq : Mq o-^ Mq 
be a partial (finite or infinite) automorphism of the reduct Tl^o'*' for some s G w and let a G ui. 

Then there exists a countable model M^ = (Tkf^; (£i5^)i<jmew) with Mq C M^ C cji, a G M^^ 
and a total automorphism -n^ : M^ o— > M^ of the s-reduct MiJ^^ such that the following hold: 

(1) Mq □ M^ 

(2) M^ is a model of the theory T. 

(3) TT,^ extends ttq 

Proof. Wc construct M^^ as the union of a chain of countable models Mj with j € cj. We will have 
Mj C TVfj+i for all j G oj, and for every j wc will have a partial automorphism Wj of TWj'*' such 
that TTj+i extends TTj, and dom(7rj+i) nim(7rj-|_i) D Mj. 

We explain the step from Mj to TW^+i. Let Mj = {a^ | i G be an enumeration of the 
elements of Mj. (The elements ai are not necessarily in the order, given by < in coi.) Let K. be 
the following set: 

K. := {{n,a,K) | n G w, a G Mj' and K a clause in xq, . . . , Xn} 
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This set is countable. Let {ni,ai,Ki)i^u) be an enumeration of this set. 

Let B C wi \ Mj be a countable set of ordinals, and let B = {bk | A; G w} be an enumeration 
of B. (Again, this enumeration need not necessarily follow the well-order < on uji.) We put 
Mj+i := MjDB, and we have to define the relations and the partial function nj+i. Moreover, 
we must define a function h : B ^ u, in order to establish the relation Mj C/, Mj^i. 

For all m and all m-tuples a G M™ we define: 

This makes sure that Mj < Mj+i. Moreover, we define -■£>^^(ci, . . . , c^) for all ci, . . . , G -^7+1 
with |{ci,...,c„}| < m. 

For every k G to we will conduct a special task, where we define the value h{bk), define a partial 
function : Mj^i o-^ -^j+i such that Pk+i always extends pk- We start with Pq := tTj, and 
finally we will have tTj+i := [Ji^Pk- Moreover, in every step we define the truth values of g^^(a) 
for some tuples a. 

We distinguish three cases of steps k, depending on whether k = 0,1, or 2 mod (3). [A main 
point will be that the definitions in the various cases do not contradict each other.] 

Step k for k = 31: li I = 0, then let pk '■= tTj, otherwise pk '■= Pk-i remains unchanged. 

Let {ni,ai,Ki) be the element of /C with index I. We define h{bk) ■= ni + 1. Now, for every 
literal which occurs in K, we define the truth values in such a way, that Ki{bk,ai) becomes 
true. Thus, letting C; = {ai{l), ■ ■ ■ , ai{ni)), we define truth values for certain tuples from the set 
{ai{l), aiirn), 6fc}<- \ {ai{l), aj(n;)})<". 

The largest index m of a literal which occurs in Ki is + 1. Therefore all these tuples c satisfy 
max/i(c) > h{hk) > m and arc strong for h. [Note that in no previous step have we committed 
ourselves to the truth value of Qj{c) for any tupcl c in which bk appears.] 

Step k for k = + 1; In this case we define h{bk) ■= s, and we extend the partial function 
Pk-i- If dompk-i 3 Mj, then we simply put pk := Pk-i and we are done. 
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fc = 3Z + 1, 

definition of 

g{c) and g{p'^:^{c)) 
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If Afj\dompfc_i ^ 0, then let i := min{i | ^ dompfe_i}. We extend by defining pj;(ai) := 
bk- Then, for all to ^ s and all ci, . . . , G impfc such that Ci, . . . , Cm are pairwise distinct and 
bk G {ci, . . . , c,„}, we define the truth value of g^^^(ci, . . . , €,„). Write c for (ci, . . . , c,„). If the 
value of g^^^iPk^io)) is already known, in particular if p^^io) G Af™, then we put 

If ^?-'^^(^'J^^(c)) is still not fixed (in particular, then the p^^{ci) cannot all be in Mj), then we 
define both values, namely we put 

e^^(c), g^^bfe ^(c)) : <^ Pk^ici) < ... < Pk^iCm). 

(Here < denotes the well-order in wi.) 

Because of the definition of h{bk), the (ci,...,Cm) are always strong for h and hence are 
exempted from our "recommendation" 13.41 The other tuples, p^^io), follow our recommendation 
anyway, whether or not they are /i-strong. 

[As before, note that tuples c in which bk appears have never been considered in any previous 
step k' < k.] 

Step k for k — 31 + 2: This step is similar to the previous step, but this time we take care of 
impk rather than dompfc, or in other words: we reverse the roles of pfc and p^^ . We leave the 
details to the reader. 

By induction we obtain from these steps a model, where the relations g}^^ are only partially 
defined. In order to finish the definition, we put 

ei^^io) ■ Ci < C2 < . . . < Cm, 

whenever the truth value of gi^^{c) has not been defined during the inductive construction. 

From the construction, it is now clear that Alj C iV/j+i. Moreover, T^j+i := Ufeec^Pfe is a 
partial automorphism of Mj+i'"' that extends tt^ and satisfies Mj C domTTj+i and Mj C imTTj+i. 
Moreover, all formulas in T of the form l3.3t T2') are satisfied, whenever xi, . . . , Xm G Mj. 

The countable set B iz loi\ Mj was arbitrary. So, if the ordinal a is not in Mq, then we can 
assume that a lE B, e.g. for j = 0. Consequently we will have a 6 M^ in the end. 

We form the directed union M^ := [Jj^^ Mj Because of l3.6f 2'). we have Mq □ M^. Moreover, 

the union tt^ := U^go; '^J ^ bijective partial automorphism of M^^^\ which is everywhere defined 
and surjective, i.e. it is an automorphism of Mi^'*' which extends ttq. 

Finally, if 'ip{xi, . . . , Xn) is a formula of T and ai,...,a„ G M^^, then there exists j with 
tti, . . . , a„ G Mj. Consequently ipiai, . . . , an) holds in Mj^i and all other extensions of Mj, in 
particular it is true in Mui . Consequently Mi^ is a model of T. This finishes the proof. □ 

Now we collect some properties of our theory T. 
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Lemma 3.8. (1) T is consistent and has no finite models. 

(2) T has the property of elimination of quantifiers. 

(3) T is complete. 

(4) T is u! -categorical. 

(5) // M, N_ are models of T and N_ is a submodel of M_, N_ < M, then N_ is an elementary 
submodel of A£, i.e. for every formula ip{xi, . . . ,Xn) and every a G -/V" holds (p{a) in TV 
iff it holds in M . 

Proof. (1) Easy. The consistency of T is a corollary of 13.71 and the nonexistence of finite 
models is ensured by the formulas 13 . 3f T2) . 

(2) In order to prove that for every formula tpixi, . . . ,Xn) there is a quantifier free formula 
ip{xi, . . . , Xn) with T 1= ((^ ^ i/)), it is sufficient to prove this for formulas ijj of the form 
{3xo)K{xo, xi, . . . , Xn), where K is a. clause in xq, . . . , 

For any equivalence relation 9 on [1, ... ,n} we put: 

Me := ( /\ Xi^Xj)A{ /\ Xi^Xj). 
Let En denote the set of all equivalence relations on {1, . . . , ti}. Then 

Therefore also 

{3xo)K{xo,xi, . . . ,Xn) ^ \J {3xo){K A ^ig). 

It is sufficient to show that every formula {3xo){K A fig) is equivalent to a quantifier free 
formula. If 9 is not the equality relation, then we can replace any variable Xj (j > 1) 
by Xi, where i is a representative of the equivalence class of j. If then a variable appears 
twice in an literal of K, then either the clause becomes false modulo T (if the literal is 
unnegated), or the literal can be omitted modulo T (if it is negated). In the end we obtain 
either formulas which are true (modulo T) or false (modulo T) or equivalent to a formula 
of the form 

(3xo)(i^A /\ x^^xj). 

T contains the formula Ai<i<j<n ^« {^xq)K, therefore 

h ( A ^ Xj ^ {3xo){K A /\ Xt^ Xj). 

(3) By (2), every closed formula is (mod T) equivalent to true or false. 

(4) Modulo T, there are only finitely many quantifier- free formulas in the variables xi, . . . , a;„, 
namely, Boolean combinations of atomic formulas gm {xi-^, ■ . . , Xi^ ) , for ii, . . . ,im G {l,...,n} 
and m < n. (Note that formulas gm{xi^ , ■ ■ ■ , Xi^ ) for m > n and ii, . . . , i„i < n are auto- 
matically false mod T, because of l3.3f Tl'l. 

This implies w-categoricity, by Ryll-Nardzewski's theorem. [Actually, we do not need lo- 
categoricity itself for our construction, we only need the fact that there are only finitely 
many first order definable fc-ary relations, for any k.] 

(5) This is a consequence from the fact that T has elimination of quantifiers. 

□ 

The results in 13.81 make sure that the condition 13. If L) is satisfied for every model of T. Now 
we construct a model A, such that also the conditions 13. ir 2') and (3) are satisfied. 

We will obtain A as a directed union over an uncountable chain of models, A :=[ , JVL, such 
that every Mi is a model of T, Mi C Mi+i and i G Mi+i C wi for all i E oji. Because of I3.8f 4l 
this is an elementary chain, therefore A is again a model of T. Because of i G Mi^i for all i e wi 
and Mi C ivi, the carrier set A = IJjg^^ Mi is A = ivi. 
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In order to obtain a model with homogeneous s-reducts, we have to make sure that certain 
partial automorphisms can be extended to automorphisms. For this reason, we use a triply-indexed 
family (7r„_ij )„gti;,i,jeu;i,i^j" of partial automorphisms. 

First we explain, what the TTn.i^i are. If M_ is a countable model, then there are only count- 
able many pairs {p,s) with s £ u! and p a finite partial automorphism of the s-reduct Mj'^K 
Therefore there exists an enumeration (p„, Sn)neuj of all these finite partial automorphisms with 
corresponding s. Now, for « e w and M = Mj_ we put 7r„ ^ ^ := p„, and Sn.i ■— Sn- Therefore 

{'^n,i,i)neLj is & list of all finite partial automorphisms of all possible reducts Mi'*'. 
The TTn,i,j with i < j will be extensions of ■Kns,i- 

Now we explain how to construct the models Mj and sequences of partial automorphisms (T^n,i,j '■ 

1 j) by transfinite induction on j G lui). This construction will use the usual 'bookkeeping- 
argument' to take care oi uji x u; many tasks in uji steps. Let uji = Unew ieuii ^ partition 
of uji into pairwise disjoint sets Cn,i, such that \Cn,i\ = for all (n, i) and minC„^i > i. 

If j = 0, then let Mq be a countable model of T with Mq C io\. (The existence of such a model 
is clear from 13. 7h The 7r„^o.o are defined as in (**). 

If J is a limit ordinal, then put Mj := lJi<j i.^^ ^ directed union of an elementary chain 
of models of T, this is again a model of T.) The defined as in (**), and nni.j '■— 

For a successor ordinal j -I- 1 we use Lemma 13.71 

(1) We define M.j+i as follows. Let {n,i) be the pair with j E Cn,i- According to the 
Lemma, there exists a model Mj+i with j G Afj+i C oji and Mj □ Mj+i, and there exists 

an extension of i^n,i,j to a partial automorphism tt of Afj+i^"" *' with Mj C dom-Tf and 
Mj C imTf. 

(2) We let ■Kn.i,j+i be the partial automorphism tt from (1). 

(3) The 'Kn.j+i.j+i are defined as in (**), enumerating all finite partial automorphisms of 
reducts of Mj+i. 

(4) For all (n, j) such that j ^ C„.i, we put 'n:n,i,j+i ''^n,i,j- 

It is easy to verify by transfinite induction, that the T^(n,i,j) are always partial automorphisms 
of Mj^^""'', and that T^n,i,j extends TTn,i,k for all k with i ^ k < j. 
As mentioned above, we put A := [J^^^^ Mi. 

Lemma 3.9. If s E oj, then every finite partial automorphism tt of ^'"^ can be extended to an 
automorphism ofA^^^. 

Proof. TT is finite, therefore there exists i E lu with doniTr U imvr C M,. M^ is a submodel of A, 
therefore tt is a finite partial automorphism of A/^'"'. Consequently, tt — TTn^i^i for some n with 
s = Sn,i- We define tt' := [J{'n'n,i,j ■ j G wi, j > i}. tt' is a partial isomorphism of A^'^^. By our 
construction, we have Mj C domTr' for all j G Cn.i, i.e. doniTr I) Ujgc ~ ^i- '^'^^ same 

holds for imTf', therefore tt' is a total automorphism of A''*'. □ 

It remains to show that A has the DroDertv l3.ir 3l. 

Lemma 3.10. A= {A; {gm)meuj\{o}) "is rigid, i.e. AutA— {id^}. 

Proof. Let be a countable subset of A, x,y E S and h : A\S ^ lo he a function. Then we define 
that E{x, y, S, h) is true iff for all m and for all a = (ai, . . . , am) G A''" \ S*™ the following holds: 

If {Qm{a) A max h{a) < m A {3i,j G {1, . . . , m}){x ~ ai Ay = flj)), 
then i < j 

We claim x<?/ <^ {3S){3h)E{x,y, S,h). 

Proof of Let i <E u!i he the least ordinal with x,y E Mi. Let S :— Mi. We have Mi C A, 

therefore Ali \Zh A for some h : A \ S ^ cu. If a G A"^ \ 5™, is weak for h, then »! < 

02 < . . . < Om- Therefore, if x = ai, y — Oj and x < y, then i < j. 
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Proof of "<S=" : Let 5 be a countable subset of A and let h : A \ S ^ ui he a function such that 
E{x,y,S, h). 

Since loi has uncountable cofinality, and S is countable, there must be some i < uji with S C Mi. 

So let i be the least ordinal with S C Mi. Let p e A \ Mi. (Then also p £ A \ S.) We have 
Mi \Zhi A for some hi : A \ Mi — >• w. Let m := max{/i(p), hi{p)} + 3 and choose zi, . . . , Zm-3 € S, 
pairwise distinct and distinct from x and y. Let a = (ai, . . . , am) be the m-tuple consisting of the 
elements of {p, x, y, zi, . . . , z„i-3} in the ordering according to <, i.e. ai < 02 < . . . < am- 

Find i, j such that 

X = ai, y = a^. 

Thus, 

i < j X < y. 

First we note that maxft,i(a) < to, so a is weak for hi. As Mi IZ M, we must have £'m(a:). 
But we also have max/i(a) < to, so Qmisd implies i < j. So x < y. 

Let E{x,y) : <;=^' {3S){3h)E{x,y, S,h). If tt is an automorphism oi A we write 7r[/i] for the 
map /i' satisfying /i'(7r(x)) = Clearly y, 5", /i) i?(7r(a;), 7r(?/), 7r[S'], 7r[/i]), hence 

Eix,y) ^ E{TT{x),Ti{y)). 

Consequently every automorphism of A has to preserve the well-ordering < of . But the only 
order automorphism of < is iAa. D 

In 13.81 13.91 and 13.101 we have verified all properties of A, required in 13.11 So we can formulate 
our main result. 

Theorem 3.11. The structure A — [A; {gm)m£uj) has the vroverties I.V. iV l )-fS ) . Consequently, 
the set R = {gm [toGw} satisfies 

{R)ka = {R)inv,f] 7^ sInvAuti?. 

□ 

Remark 3.12. The structure A that we constructed in l3.2t{XTni has cardinality Ki. A similar 
construction can be carried out to yield a model of any cardinality n with cofinality c/(k) > loi. 
We leave the details to the reader. 

4. A characterization with invariant operations of countable arity 

The results of the last section show that the closure under {_)inv,[] is too weak to provide the 
closure under sInvAut. So the question remains, what we should add to obtain an appropriate 
characterization. Similar as in 12.91 we will add operations with infinite arity. But in contrast to 
12.91 we need only operations with countable arities. 

Lemma 4.1. Let m £ uj\ {0} and let Q C Rel''™'(A) be closed under complementation. Then 
there exists a relation g G with Aut Q — Aut{g}. 

Proof. Q is closed under C, therefore the set 

M:^{TQia) | a G A"} 

is a partition of A"^. M can be well-ordered, so let (7i)i<K be a corresponding enumeration of the 
elements of M. We put 

£• := U 7» X Ij 

Then g G This implies g G sInvAutQ and therefore Autjg} D AutQ. 

Now let g G Autjgi}. If a, 6 G 7^, then (a, 6) G g and (fo, a) G g, hence ((?(a), .g(6)) G g and 
£ 9- The 7^ are pairwise disjoint, therefore there are unique ordinals l,k < k with 
9i^) G 7i7 gik) ^ Ik- Now (a, 6) G g implies / ^ k and ig{a), g{b)) G g implies k ^ I, i.e. / = k. 
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Consequently all tuples in 7^ are transformed by g to tuples in 7^. . Therefore there exists a function 
go : K with ^[7^] C 7g^(j). 

g~^ is also an automorphism of p, and it is easy to see that the corresponding function (Jq : k — > k 
has to be the inverse of go. Consequently, go is a permutation on k. 

The permutation go preserves the well-order < on k, because of 

i < j ^ 7, X 7j C g ^ 75o(i) X IgoU) ^ e ^ .9o(«) < 9o{j)- 

But {k, <) has only the trivial order automorphism, therefore go ~ id^. 

We obtain glji] C 7, and (because g~^ is also an automorphism) 5^^[7i] C 7^, i.e. g[^i] — 7^. 
But then, g is an automorphism for all relations in M, and therefore also for all relations in Q. 
This yields Aut{g} C AutQ, and this finishes the proof. □ 

As a consequence of this Lemma, every possible automorphism group appears already as the 
automorphism group of an at most countable set of relations. 

Lemma 4.2. For every set R C Rel(yl) there exists an at most countable set Rq C Rel(^) with 
Aut R — Aut_Ro- Moreover, if R is a f^-closed Krasner algebra, then we can choose Ro C R. 

Proof. If R is not closed under C, then we put R' := RU {Ca \ a e R}. Then Auti?^ = Auti?', 
therefore we can assume w.l.o.g. that R is closed under complementation. By 14.11 there are 
relations g,n G Rcl(^™^(A) with Auti?^'") Aut{g„i}. Consequently: 

Auti?= Pi Auti?(™) = Pi Aut{g,n} = Aut{g,n \ 1 m e uj} 

The second part in 14.11 implies that the g„i can be chosen from the P|-closed Krasner algebra, 
generated by i?. □ 

Now we define our additional operations. 
Definition 4.3. An invariant operation with countable arity is an operation of the form 

i^iew 

{nii £ uj\ {0}), such that for all (ft)i^iet^ £ Ili^iew Re\^™^\A) and all g G Sym(A) we have 

F{9[Qi])i<ieuj = g [F{gi)i^ieuj] 

If Q C Rel(A), then {Q)uj-inv is the closure of Q under all invariant operations with countable 
arity, and {Q)uj-inv,f\ is the least set of relations which is closed under all invariant operations 
with countable arity and P|-closed. [] 



(Of course, {_)uj~inv and {_)uj-mv,f] are closure operators.) Similar as in l2.13l and l2.14l we can 
verify the following properties: 

Lemma 4.4. (1) If R Q Re\{A) is Galois closed, R — sInvAuti?, then R is f^-closed and 
closed under all invariant operations with countable arity, R = (R)uj-inv,f]- 
(2) If Q £ Rel(^) is countable or finite, then {Q)uj-inv — sInvAutQ. 

□ 



Now we can formulate our characterization of the Galois closed sets of relations. 

Theorem 4.5. Let R be a ^-closed Krasner algebra. Then R is Galois closed, R = sInvAuti?, 
if and only z/slnvAuti?o Q R for every countable subset Rq of R. 

In particular, a set R C Rel(A) is Galois closed if and only if it is f]-closed and closed under all 
invariant operations with countable arity, R = {R)uj-inv.[] ■ Por all Q C Rel(A) holds {Q)uj-inv,f\ = 
sinv AutQ. 



16 



FERDINAND BORNER, MARTIN GOLDSTERN, AND SAHARON SHELAH 



Proof. Clearly, i?o CI i? and R — sinv Auti? implies sinv Auti?o C sInvAuti? R for every subset 
Rq of R. Vice versa, if slnvAut_Ro Q R for all countable subsets, then we can choose the special 
subset -Rq C i? with Auti? — Auti?o of Lemma IT!^ Then we obtain: 

R C sinv Auti? = sinv Auti?o C R, 

i.e., R is Galois closed. 

Then the other statements are consequences of Lemma 14.41 □ 
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